We theoretically study the time-dependent tunnelling current arising from the electron-hole recombination of exciton state by using the nonequilibrium Green's function technique and the Anderson model with two energy levels. The charge conservation and gauge invariance are satisfied in the tunnelling current. Apart from the classical capacitive charging and discharging behavior, interesting oscillations superimpose on the tunnelling current for the applied rectangular pulse voltage.
I. INTRODUCTION
Recently, many efforts have been devoted to the studies of single-photon sources (SPS) made from quantum dots (QDs), which have potential applications for quantum cryptography and quantum computing 1−3) . To examine if devices can function as SPS, we need to measure the second order correlation function of light emitted from such devices, that is to examine the antibunching feature of light sources. The antibunching feature of SPS was demonstrated in Ref. [1, 2] , where electrons and holes in the QD are excited via optical pumping. Nevertheless, there were only a handful of experiments, in which the electrical pumping is employed to demonstrate the antibunching behavior of SPS.From the practical point of view, it is better to use the electrically driven SPS. A prototype SPS made from individual QDs embedded in a semiconductor p-n junction was suggested by Imamoglu and Yamamoto 4 . In addition to the antibunching feature, the enhancement of spontaneous emission rate is strongly required, because it is very crucial in the performance of SPS.
For small size QDs, the strong three dimensional confinement effect gives rise to large energy separations among the low-lying confined levels. Consequently, one can inject electrons and holes into their corresponding ground state energy levels of a single QD unambiguously and generate photons via the electron-hole recombination in the exciton, positive/negative trion or biexciton states in the QD. To fabricate a single QD of nanometer size at a specific location is one of the most challenging techniques in the realization of electrically driven SPS. Self-assembled quantum dots (SAQDs) combined with selective formation method may overcome such a difficulty 5 and electrode effects on the exciton complexes 8 .
The main purpose of this study is to investigate the time-dependent tunnelling current (or spontaneous emission rate) arising from the electron-hole recombination of exciton state by using nonequilibrium Green's function technique 9−11 , which has been applied in several different systems. 12−15 . We attempt to clarify how carrier tunnelling process, applied modulation voltage and temperature to influence the spontaneous emission rate in the electrically driven SPS. The schematic band diagram describing the studied system is shown in Fig. 1 will be observed when a rectangular pulse of v(t) added into the right electrode injects holes into the exciton resonant level.
II. HAMILTONIAN
We employ the Anderson model with two energy levels in terms of electron picture to describe the system as shown in Fig. 1 , 
, has been used to obtain Eq. (1) via
For small semiconductor QDs, the particle correlation is strong. This indicates that the intralevel 
which is invariant under the unitary transformation.
III. FORMALISM
Although a spontaneous emission process of photons is the quantum effect of electromagnetic field 8 ,
we still treat the electromagnetic field as a semiclassical field in Eq. (1). We employ the approach of ref. [11] to study a spontaneous emission process of photons. The optical susceptibility of QDs not only provides the absorption coefficient and the refractive index, but also determines the spontaneous emission rate. 11 Therefore, we calculate the optical susceptibility of individual QDs by using the lesser Green's function defined as
where Σ The detailed expression of R eh will be given later. To avoid the suppression of spontaneous emission rate, the device shown in Fig. 1 favors the condition of
function as a light emitting source. For the condition of Γ 2 > Γ 1 >> R eh , λ ij will be regarded as a small parameter in the comparison with t k,i . Consequently, the lesser self-energy of Eq. (3) is mainly attributed to tunnelling
where the tunnelling rates are
function of the electrodes, in which the chemical potential is given by µ
It is worth noting that we assume energy-independent tunnelling rates in Eq. (4) for the sake of simplicity.
Inserting Eq. (4) into Eq. (3),we obtain two off-diagonal lesser Green's functions
as well as two diagonal lesser Green's functions
where we define
ij (ǫ, t), obviously, depends on the detailed form of retarded and advanced Green's functions.
Eqs. (5) and (6) determine the optical susceptibility of QDs. Eqs. (7) and (8) determine the electron occupation numbers. Once G
, some approximations will be considered in the following derivation due to the complicated Hamiltonian of Eq. (1). Based on the following two conditions of that the energy level of i=2 emerges into the band width of the left electrode and Γ 2 is larger than Γ 1 , the retarded and advanced Green's functions for i=2 can be regarded as a steady state solution.
That is G r(a)
, we solve the off-diagonal Green's function (i = j) by using Dyson's equation,
Due to λ i,j < t k,i and G r(a) ij (t, t ′ ) in terms of the first order parameter λ, the Green's functions G r(a) ii in Eq. (9) are λ-independent functions. Consequently, we obtain A r(a)
11 (ǫ, t) and rewrite Eq. (5) as
To obtain the spontaneous rate resulting from the imaginary part of G < 2,1 (t, t), we take the imaginary part on the both sides of Eq. (10)
, where the greater Green's function is given by
with the greater self-energy
Eq. (11) can be simplified as
= −λ eh dǫ 2π
In Eq. (14) electron and hole picture are employed to label i=2 and i=1, respectively. Note that Eq.
(14) contain a factor of (1 − f e (ǫ) − f h (ǫ)). We can always write λ eh ImG < e,h (t, t) = X e (ω, t) − X a (ω, t),
where X a (ω, t) and X e (ω, t) are, respectively, in proportion to (1 − f e (ǫ))(1 − f h (ǫ)) and f e (ǫ)f h (ǫ).
Current arising from the electron-hole recombination can be obtained by the integration of frequencies for X e (ω, t)
= eα dω ω
with α = 4n 
with
where
, and N e is the electron occupation number at steady state. Two branches exist in Eq. (16) ; one corresponds to the resonant energy level of E h with the weight of (1 − N e ), and the other corresponds to the exciton resonant level of E ex = E h −U eh with the weight of N e . Consequently, holes injected into the energy levels of QDs depends on not only the applied voltage of right electrode, but also on the electron occupation number N e , which is given by N e = dε π f e (ε)Im 1 ε−Ee−iΓe/2 . As long as the applied voltage is insufficient to inject holes into the resonant energy level of E h , we can merely consider the exciton branch of N e g r h (ǫ h + U eh , t, t 1 ) in Eq. (16) . The detailed expression of G r hh (t, t 1 ) depends on the applied voltage v(t), we consider a rectangular pulse with the duration time of ∆s and amplitude ∆ as v(t). For t 0 ≤ t < t 0 + ∆s, we have, according to Eq. (17),
For t ≥ ∆s, we obtain
Based on Eqs. (15), (18) and (19) , the time-dependent tunnelling current associated with the spontaneous radiative transition in individual quantum dots will be discussed.
IV. RESULTS AND DISCUSSION
The time-dependent tunnelling current can be readily proved as J(t) = J sp (t) = eΓ s (t), where Γ s (t) denotes the time-dependent spontaneous emission rate. Owing to small tunnelling rates (Γ e /E F,e << 1 and Γ h /E F,h << 1), Eq. (15) can be reduced as
In Eq. (20) we define two notations;Ω ex = E g + E e + E h − U eh and the time-independent spontaneous rate R eh = α Ω To reveal the time-dependent behavior of J sp (t), we numerically solve Eq. (20) and show J sp (t) for various duration times at zero temperature in Fig. 2 for the tunnelling rate Γ h = 0.5 meV and ∆ = 20 meV; the solid line (∆s = t 0 ), the dashed line (∆s = 3 t 0 ) and the dotted line (∆s = 5 t 0 ). We see that current almost reaches saturation at t = 5 t 0 . Apart from the classical capacitive charging and discharging behavior (exponential growth and decay) 17 , the interesting oscillations superimpose on the tunnelling current not only for t ≤ ∆s but also for t > ∆s. However, the amplitude of oscillation for t ≤ ∆s is small. In particular, the oscillation period for t > ∆s does not depend on the magnitude of duration time. The oscillatory current is yielded from the particle coherent tunnelling between the electrodes and the QD. Such a coherent tunnelling was also pointed out as the mechanism of quantum ringing for electrons tunnelling current through the single dot embedded in n-i-n structure 18 . In ref.
18, they can not observe oscillatory current as t > ∆s. According to the result of quantum interference between the outgoing wave (leaving the QDs) and the wave reflected from the barrier, this oscillatory behavior could be observed in the discharging process 19 .
To examine if the oscillation currents shown in Fig. 2 depend on the strength of applied bias, The results shown in Fig. 3 clearly point out that the oscillation feature of J sp (t) depends on the magnitude of ∆. Due to the emitted photon numbers in proportion to J sp (t), the feature of emitted photon numbers as functions of time will correspond to the results shown in Fig. 3 .
In Figs. (2) and (3) we adopted hole tunnelling rate as Γ h = 0.5 meV . It is interesting to understand how tunnelling rate to influence J sp (t). We show J sp (t) for different hole tunnelling rates in Fig. 4 (18) as
This indicates that the higher tunnelling rate allows the electrically driven SPS to reach quickly the maximum photon emission efficient.
Finally, we discuss the finite temperature effect on J sp (t) in photon emission on the the order of nA, which can be readily measured.
V. SUMMARY
The expression of tunnelling current J sp (t) arising from spontaneous radiative transition in individual quantum dots is obtained by using nonequilibrium Green's function method. We found J sp (t) as functions of the spontaneous emission rate R eh , the tunnelling rates Γ h (Γ e ) and the factor of f e (T )f h (T ).In addition to the exponential growth and decay feature corresponding to charging and discharging process, the oscillatory behavior of J sp (t) as functions of time is observed as a result of particle coherent tunnelling between the electrodes and QDs, which is suppressed by the temperature effects.
In this study, we have used resonant tunnelling carriers to yield the triggered single-photon sources, in contrast to the captured carriers typically used in optically driven SPS. 21, 22 Due to the phonon bottleneck effect 23 , it is predicted that the capture rate of electrons by the QD will be low. This could reduce the performance of SPS devices, which use captured carriers as the source for the single-photon generations. Using carriers injected via resonant tunnelling process can avoid such problems. Current is given in units of J 0 = 2e R eh , where R eh denotes the time and temperature-independent spontaneous emission rate, and time is in units of t 0 =h/meV . Current is given in units of J 0 = 2e R eh , where R eh denotes the time and temperature-independent spontaneous emission rate, and time is in units of t 0 =h/meV .
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